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1. INTRODUCTION 
We prove the following result (stated with standard definitions and notations recalled in 
Section 2 ): 
THEOREM 1.1. [f HI and H are two integral homology spheres which have the same 
Casson invariant, then H can be obtained from HI bql surgery on a framed boundary link 
(6,&i E {l,-l>>i= ~. 1. ,,, such that ,for any i E { 1,. . ,n}, the Alexander polynomial A(Ki) 
Ofk'i is 1. 
(Equivalently, H can be obtained from HI by a sequence of (*l )-surgeries on knots 
with trivial Alexander polynomial. ) 
2. BACKGROUND 
In this section, we introduce all our notations and conventions and we point out all the 
standard facts that we will use throughout the paper. 
Here, all the manifolds are compact and oriented. The homology is always with coef- 
ficients in Z; and when it does not seem to cause confusion, the curves are denoted like 
their homology classes. An integral homology sphere or homology sphere is a 3-manifold 
with the same (integral) homology as the usual sphere S3. In such a manifold, every knot 
K bounds a (compact, oriented) connected embedded surface, which is oriented according 
to the “outward normal first convention”. Such a surface is called a Seifert surface of K. 
The linking number lkH(J,K) of two disjoint knots J and K in a homology sphere H is the 
algebraic intersection number of K and a Seifert surface of J. It is symmetric. For a surface 
C, I., .)n denotes the symplectic intersection form on H,(C). 
Definition 2.1. The Seifert form VI of a Seifert surface C of a knot in a homology 
sphere is the bilinear form defined on H,(C) as follows: 
For any two curves x and y of C 
vdbl, [VI> = W+> v> 
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where the brackets stand for the homology classes and xf denotes the curve x pushed off C 
in the direction of the positive normal to C. We also denote by F’c the matrix of Vc with 
respect to some basis of Hi(C), and by VL its transposed. 
of 
The Seifert form VE may be used to define the following knot invariant. 
Dejinition 2.2. Let K be a knot in a homology sphere and let C be a Seifert surface 
K. The Alexander polynomial A(K) of K is the determinant of (t”2Vx - t-1/2Vc). It 
is a well-defined invariant of K which belongs to Z[t, t-‘1 (see [2] or [4, Appendix] for 
example). 
Dejinition 2.3. Let H be a homology sphere. A (51 )-framed link L of H is a link 
L = (Ki)iCt I,,,.,n) each component of which is equipped with an integer ci E { - 1, + 1). 
The manifold XH(L) = x(H; L) obtained by surgery on this framed link L = (Ki, E;)~~{~,...,~) 
is defined as follows: 
Let T(K,) denote a tubular neighbourhood of Ki and let aT(Ki) denote its boundary. 
Let e; c aT(K;) denote the preferred parallel of Ki, that is the parallel which satisfies 
lk(d;,K,) = 0. Let m; c aT(K;) denote the oriented meridian of Ki, that is the meridian such 
that lk(m;,K;) = 1. Let p; be the curve of aT(Ki) such that 
p; = mi + &jtj (2.4) 
in Hl(aT(K;)). Then 
XHVJ) = H \ T(L) ‘Jz(L) fJ(D; X 5” > 
i=l 
where T(L) is the union of the T(K;)), D; is a 2-disc, and a(D; x S’) is glued with aT(K;) 
by a homeomorphism which maps a(D; x { 1)) to p;. 
We denote by X; the core of the surgery performed on Ki that is the core (0) x S’ of 
the solid torus Di x S’. Ezi is oriented SO that p; is its oriented meridian in XH(L) which 
inherits its orientation from H. 
The link L is said to be a boundary link if its components bound pairwise disjoint 
Seifert surfaces. 
We call &-surgery a surgery on a knot with coefficient E. 
In this paper, we will often consider surgeries on (kl )-framed boundary links. We first 
point out some standard facts about these links. 
Until Remark 2.8, we retain the notation from Definition 2.3 and we further assume that 
L is a (iI )-framed boundary link. 
Remark 2.5. Any Seifert surface of (Ki c H) disjoint from L\K; may also be considered 
as a Seifert surface of (R; c x&L)). Indeed an obvious small isotopy with support in a 
neighbourhood of T(Ki) moves such a surface to a Seifert surface of the preferred parallel 
8; of K; embedded in H \ T(L) = XH(L) \ T(i). Now, since e; C aT(K;) = aT(I?;) is also 
the preferred parallel of R;, this surface may be considered as a Seifert surface of R;. 
It is easy to see that XH(L) is a homology sphere. Note also that if K is a knot disjoint 
from L such that lkH(K,K;) = 0 for all i, and if J is a knot disjoint from L UK, 
h(J,K) = &H;L)(J,K). 
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(Indeed, in this case, K bounds a Seifert surface disjoint from L.) Therefore, from Re- 
mark 2.5, we get: 
Remark 2.6. For any i E { 1,. . . , n}, (K; c H) and (Ri c ;cH(L)) bound Seifert surfaces 
which carry the same Seifert form. Hence, 
A(K; c H) = A@; c XH(L)). 
Remark 2.7. Similarly, if K is a knot in H such that L UK is a boundary link, it can 
also be viewed as a knot in XH(L) and we have 
A(K c H) = A(K 
Remark 2.8. The surgery on the framed link 
c m(L))- 
i = (G> -G)iE{l,...,n} c XHW) 
transforms xH(L) into H (see eq. 2.4 and Remark 2.6). It is called the inverse of the surgery 
on I,. 
Two sequences of surgeries starting from a homology sphere H1 are said to be equivalent 
if they transform HI into the same manifold. 
LEMMA 2.9. Let S be a sequence of (f 1 )-surgeries on knots from a homology sphere 
H1 to another one H,+l, that is a sequence (H;,K; = XZ;,~;);=l,...,n such that 
l Hi is a homology sphere, 
l K; is a knot in H;, K; bounds a Seifert surface Ci in H;, 
l E; = fl, 
l Hi+, = x(H;; (K;,E;)), for i = 1,. . .,n. 
Such a sequence S is equivalent to a surgery on a (* 1 )-framed boundary link L = 
(ki = ag;, &i);=i ,..,,” c H1 such that 
o The 2; are pairwise disjoint Setfert surfaces in HI, 
o With the notation I?; = x(Hl; u~.~~(I?~,~j)), the pair (H;, C;) is homeomorphic to the 
pair (r!I;, 2;) for i = 1,. . . ,n, and fin+, is homeomorphic to H,,+l (by orientation-preserving 
homeomorphisms). 
In particular, 2; and C; have the same genus; and (K; c H;) and (I?; c HI) have the 
same Alexander polynomial. 
Proof Proceed by induction on n. There is nothing to say if n = 1. According to the 
induction hypothesis, there are (n - 1) disjoint Seifert surfaces 21,. . . , g,,-l in HI such that 
(with the notations of the statement) (H;, C;) E (I?;, 2;) for i = 1,. . . , n - 1, and, 
( 
n-1 
H, g x HI; U(Kj = agj,Ej) 
1 
. 
j=l 
The surfaces 21 , . . . , l$,__ 1 may be viewed in H,, where they are still disjoint (see Remark 2.5). 
Perform an isotopy of H, to move C, to a surface 2, which is disjoint from them. (This is 
possible because all these Seifert surfaces are nothing but regular neighbourhoods of wedges 
of circles, see Fig. 5.) Of course, this isotopy has changed neither the homeomorphism type 
of (H,, C,) nor the homeomorphism type of x(H,,; a&, E,,). Now, 2, may be viewed in HI 
and it is easy to see that the 2; satisfy the required properties. 0 
The following fact is well-known (see [3, Lemme 2.1, p. 2381). 
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FACT 2.10. Any two homology spheres can be obtained from one another by a sequence 
of (fl)-surgeries on knots. 
Recall now the following theorem (see [5,3] or [l]). 
THEOREM 2.11 (Casson, 1985). There exists a unique integral topological invariant i of 
oriented homology spheres such that 
1. I(S3) = 0 
2. For any knot K in a homology sphere H, for any E = fl, 
&H(K,E)) = L(H) + ;A(K)“(l). (2.12) 
Because of this Casson surgery formula the knot invariant A(K)“( 1)/2 is called the 
Casson invariant of K and is denoted by I’(K). 
3. SKETCH OF PROOF OF THEOREM 1.1 
We will first prove the following proposition: 
PROPOSITION 3.1. Let HI and H be two homology spheres. Then H can be obtained from 
HI by surgery on a (ztl)-framed boundary link L = (K; = aEi,Ei)i=l,,.,,n such that 
1. The Seifert surfaces Ci of the Ki are pairwise disjoint, and, 
2. For any i E {l,..., n}, 
l either A(Ki) = 1, 
l or the genus of Ci is one and /I’(Ki) = -1. 
Then we will eliminate the knots with non-trivial Alexander polynomial from this state- 
ment, when their contributions to the Casson invariant cancel each other. This will be possible 
because of the following lemma. 
LEMMA 3.2. Let H be a homology sphere. Let 
L = ((KI = dC,, l),(Kz = X&-l)) 
be a framed link in H such that Cl and C2 are two disjoint genus one Seifert surfaces, and 
,I'(Kl ) = A’(K2) = - 1. Then the surgery on L is equivalent to a sequence of (i 1)-surgeries 
on knots with Alexander polynomial 1. 
Proof of the theorem (Assuming Proposition 3.1 and Lemma 3.2). We obtain H from HI 
by performing the surgeries prescribed by the framed link L given by Proposition 3.1 one by 
one in any order. By Remark 2.7, the Alexander polynomial of a component Ki of L is the 
same in H and in any manifold obtained from H by surgery on a sublink of L. Thus, we can 
obtain H from HI by a sequence of surgeries on knots with Alexander polynomial 1 followed 
by a sequence of surgeries on genus one knots for which i’ = - 1. Since I(H1) = A(H) and 
because of the Casson surgery formula, we can regroup the surgeries of the latter sequence 
in pairs with opposite framing, and view this latter sequence as a sequence of surgeries on 
two-component boundary links satisfying the hypotheses of Lemma 3.2. Now, this lemma 
makes clear that the whole sequence of surgeries transforming HI into H can be replaced 
by a sequence of surgeries on knots with Alexander polynomial 1. Using Lemma 2.9, we 
can replace this last sequence of surgeries by a single surgery on a boundary link each 
component of which has Alexander polynomial 1. cl 
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4. PROOF OF PROPOSITION 3.1 
With the help of Lemma 2.9, the proposition is the consequence 
lemmas. 
29 
of the two following 
LEMMA 4.1. Any two integral homology spheres can be obtained from one another by 
a sequence of (il)-surgeries on knots such that every knot of the sequence has a trivial 
Alexander polynomial or bounds a genus one Sefert surface. 
L.EMMA 4.2. A (f l)-surgery on a genus one knot is equivalent to a sequence of (IIZ l)- 
surgeries on genus one knots with Alexander polynomial 1 or Casson invariant (- 1). 
In order to prove them, we recall some standard facts about crossing changes and Seifert 
surfaces. 
4.1. About crossing changes and Seifert surfaces 
LIejinition 4.3. A positive (respectively negative) crossing change of a knot K in a ho- 
mology sphere is the effect on K of a positive twist t (respectively, of a negative twist tr’) 
of a solid cylinder intersecting K as in Fig. 1 around its axis. See Fig. 2. (K is unchanged 
outside the cylinder.) 
We call crossing disc the base D of the solid cylinder. The crossing change is said to 
be surrounded by the unknot U which is the boundary of D (see Fig. 1). 
Of course, this definition of crossing change is equivalent to the standard definition where 
a crossing change transforms a knot K which intersects a 3-ball along two strands as in Fig. 3 
by making the two strands pass through one another. 
K 
tt 
K -
I I :3 I I Or I /, - - I- I I 
+ + 
tt 
K 
Fig. I. K and the cylinder. 
or Kd, tt 
I I 
t(K) 
zz 
t-’ (K) 
Fig. 2. Effect of the two kinds of crossing changes surrounded by U on K (Note the symbols that we will use to 
avoid drawing the results of twists of cylinders). 
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Fig. 3. Effect of a crossing change. 
Fig. 4. Tubing D. 
Fig. 5. Standard representation of a Seifert surface. 
Notice the following homeomorphism of pairs: 
(XH(UE E {-l,fl}),K) EL (H,P(K)). (4.4) 
Note also that U bounds a genus one surface in H \ K, namely the surface obtained by 
tubing the disc D, that is by replacing two disc neighbourhoods of K n D in D by a tube 
around a connected component of K \ (K n 0); see Fig. 4. 
Because of the well-known transitivity of the action of the group of homeomorphisms 
(up to isotopy) of a Seifert surface C .on the symplectic bases of H,(C; Z), we have the 
following standard fact. 
FACT 4.5. Let C be a Setfert surface of K in H. For any symplectic basis B = (x1, ~1~x2, 
Y~>..-,x~,Y~) of (HI(C), < .,. >c), C is isotopic to a neighbourhood of representatives of 
the xi and the yi of the form shown in Fig. 5. The surface is represented as 2g one-handles 
hx, h,, , . . . > h+, h, with respective cores XI, yl,. . . ,xe, y, attached to a disc. 
4.2. Proof of Lemma 4.1 
PROPOSITION 4.6. Any knot K in a homology sphere H can be tranformed into a knot 
with Alexander polynomial 1 by crossing changes. 
Proof Let CK be a Seifert surface of K. Let I3 = (x1, yl ,x2, ~2,. . . ,xe, ye) be a symplectic 
basis of (HI(&), < ., . > cK ) and view CK as in Fig. 5. 
For any pair {z, t} of elements of 23 and for any E = f 1, we can pass the handles h, 
and h, through one another by four crossing changes (see Fig. 6) so that E is added to 
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Fig. 6. Passing the handles through one another. 
VcK(z, t) and Vc,(t,z), and the other coefficients of the matrix of VE, with respect to B are 
unchanged. 
For any element z of t? and for any E = f 1, we can twist the handle h, by one crossing 
change so that E is added to VC, (z,z), and the other coefficients of the matrix of VC, with 
respect to f3 are unchanged. 
These changes are performed within 3-balls in H. Note that ( VE, - V&) is the matrix 
of the intersection form on CK and that these changes do not affect it. 
These three remarks make clear that K may be transformed by (a finite number of) 
crossing changes into a knot K” which bounds a Seifert surface CO homeomorphic to CK 
and such that 
l V&(Xj,vi) = 1 for any i E {l,..., g}, 
e VC,(Z, t) = 0 for any other (z, t) of t32. 
Thus, A(K’) = 1 and we are done. 0 
‘Thus, K is obtained from a knot K” with A(K”) = 1 by a finite number of crossing 
changes. The discs of the crossing changes which transform K” into K may be assumed to 
be pan-wise disjoint. Indeed, such a disc D is only a regular neighbourhood of an arc joining 
the two points of K” fl D. Thus, the proposition may be rewritten as follows: 
STATEMENT 4.7. For any knot K in a homology sphere H, there exist a knot K” of H, a 
collection (D,);=I,...,~ of pairwise disjoint discs in H and a collection (Ei)i=l,,,,,n of elements 
of { 411 } such that 
1. A(K’) = 1, 
2. every Di intersects K” transversally at exactly two points in ii with opposite signs, 
3. the pair (H, K) is homeomorphic to (xH((& = dDi,Ei)i=1,.,,,,), KO). 
In particular, for E = * 1, if we set 
L = ((KO,E),(Ui,Ei)i=,,...,n) 
XHK E)= m(L) 
where Ui bounds a genus one surface obtained by tubing Di in H \ (K” U (Ujpi Uj)) and 
therefore in any manifold obtained from H by surgery on a sublink of L. 
Thus, we have proved that any (f 1 )-surgery on a knot K in H is equivalent to a sequence 
of ( f 1 )-surgeries such that 
l The first surgery is performed on a knot K” with Alexander polynomial one 
l The following ones are performed on genus one knots. 
Of course, using Fact 2.10, this implies Lemma 4.1. 0 
32 Christine Lescop 
4.3. Pvoof of Lemma 4.2 
Let K be a knot bounding a genus one Seifert surface C in a homology sphere. In any 
symplectic basis of H*(C), the matrix of VE has the form 
v,= (4.8) 
where a, 6, c E Z. In particular, A(K) = 1 + det( Vx)(t’12 - t-‘/2)2; thus 
A’(K) = det( VE) (4.9) 
and the Alexander polynomial of genus one knots is determined by the Casson invariant, 
namely, 
A(K) = 1 + A’(K)(t”* - t-‘i2)2. (4.10) 
LEMMA 4.11. Let V be a Seifert form on Z2 (i,e. V is an integral bilinear form on Z2 
such that det( V - VT) = 1). Zf det( V) # 0, then there exists x E Z2 \ (0) such that 
1 V(w)l d ldet(V)J. 
Zf Idet(V)( > 1, then there exists x E Z2 \ (0) such that 
I J%v)l < Idet(VI. 
Proof: Let a = min,,z~~~o)~V(x,x)). The statement is clear if a < 2. Assume 
a>2 
and after possibly changing V into -V, assume that there exists x such that 
V(x,x) = a. 
Let Y be the set of y of Z2 such that V(x, y) = V(y,x) + 1. Note that Y is non-empty 
and that if y is in Y, (x,y) is a basis of Z2. 
If there exists y E Y such that V(y, y) GO, then set b = V(y, y), observe b < - a, set 
also c = V(x, y), and observe c(c - 1) 20. Thus, 
det(V)=ab-c(c- l)bab< -2a < -a 
and we are done. Hence, we assume that V(y, y) > 0 for all y of Y. Set 
b = mn V&y) (aa) 
and choose y E Y such that 
Set 
b = V(y, Y 1. 
c = V(x, y). 
Since (y f x) E Y, V(y f x, y f x) > b. Hence, 
b+a+2(c- i)>b. 
This implies 
lc- $j<ia. 
Therefore, 
det(V)=ab-c2+c=ab-(c-~)2+$>ab-~a2+~ 
where b - ia> ia> f. Hence, 
det( V) > a. 0 
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LEMMA 4.12. Let K be a knot bounding a genus one Seifert surface C in a homology 
sphere. Assume that d’(K) = f 1. Then there exists a symplectic basis of H,(C) for which 
the matrix of VC has the form 
(; e1iK)) 
with E = &I. Moreover if %‘(K) = -1, then E may be arbitrarily chosen in (-1, fl}. 
Proof Because of the form of the Seifert matrix (4.8), since 1’(K) is odd, there can be 
no primitive element x of HI(C) such that Vc(x,x) = 0. Thus, according to Lemma 4.11, 
there exists a nonzero x such that Vc(x,x) = fl. Choose such an x and set E = Vx(x,x). 
Now, choose y such that 
(.,y)c = EVC(.J). 
Clearly, (x, y) is a symplectic basis of H,(C) for which V&,x) = 0. Thus Vc has the 
desired form. 
If i,‘(K) = -1, choosing y instead of x in the process above changes the sign of E. 0 
L,EMMA 4.13. Let K be a knot bounding a genus one Setfert surface C in a homology 
sphere H. Let 
be the matrix of Vc with respect to a symplectic basis (x, y) of H,(C). Then for n = fl 
and E = 311, the surgery on (K,n) is equivalent to a sequence of two surgeries on two 
genus one framed knots (I?, n) c H and (U, E) c HI = xn(K, n) such that 
I. I? bounds a Setfert surface 2 whose Setfert matrix is 
for <some symplectic basis of HI(~). In particular, 
i’(KcH)=J,‘(K)+ea. 
i. 
~‘(UCH~) = -na. 
Proof View C as in Fig. 5. Let U be an unknot surrounding h,. 
Let I? be such that (XH( U, --E), C) g (H, 2) as in Section 4.1. The matrix Vg has the 
desired form (see Fig. 2). Let Z? = 82. Since (H, C) E (~n(U,e), c), we have 
xdK,vl) = XH((&MU,~) = x(xH(~,v);(U~D 
Now, the Casson surgery formula (2.12) or a direct computation 
Sublemma 5.2 below) yields 
n’(U c HI) = -na 
(as in the proof of 
and since U bounds a genus one surface in HI, we are done. 0 
We can now prove: 
LEMMA 4.14. A (*l)-surgery on a genus one knot is equivalent to a sequence of (ztl)- 
surgeries on genus one knots with Casson invariant 0, 1 or -1. 
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Proof: Let K be a knot bounding a genus one Seifert surface C in a homology sphere 
H such that In’(K)/ > 1. Let q = &l. We shall prove that an n-surgery on K is equivalent 
to a (finite) sequence of (5 1 )-surgeries on genus one knots with 11’1 < In’(K)I. This clearly 
proves the lemma. 
1. If there exists x such that 0 < 1 V~(x,x)l < IL’(K)I, there is a primitive x satisfying the 
same condition and a y such that (x, v) is a symplectic basis of HI(C). Apply Lemma 4.13 
with this basis, with a = Vc(x,x), and with an E such that 
lW)l < Iw3I. 
2. Otherwise, according to Lemma 4.11, there is a primitive x such that V~(x,x) = 0. 
Then there is a symplectic basis (x, JJ) of HI(C) for which 
v, = 0 c ( ) c-lb . 
Several applications of Lemma 4.13 transform the surgery on (K, 7) into a sequence of 
(f 1 )-surgeries on genus one knots such that 
l the first knot K’ has a Seifert matrix of the 
v= ( 0 C-l 
form 
c 
1 > 
and satisfies n’(P) = i’(K), 
l all the other knots have Casson invariant 0. 
Now, K’ satisfies the hypotheses of the first case of the proof, and we are done. 0 
To conclude the proof of Lemma 4.2, it suffices to prove: 
LEMMA 4.15. Let K be a genus one knot in a homology sphere H such that A’(K) = +l. 
Let q = f 1. The surgery on (K, q) is equivalent to a sequence of (3~ 1 )-surgeries on genus 
one knots with Casson invariant 0 or (-1). 
Proof Let C be a genus one Seifert surface of K. Recall from Lemma 4.12 that there 
is a symplectic basis of HI(C) for which 
v, = al ( > Oa 
where 
a = fl. 
Thus, if rl = a, we may apply Lemma 4.13 with E = -a to transform the surgery on 
(K, q) into a sequence of two (* 1 )-surgeries on genus one knots with Casson invariant 0 
and (-1). 
Now, if rl = -a, H is obtained from XH(K, q) by surgery on (i, -q) c XH(K, v]) (see Re- 
mark 2.8). By Remark 2.6, K and Z? bound Seifert surfaces with identical Seifert forms, and 
n’(R) = A’(K) = 1. Thus, (J?, -n) satisfies the hypotheses of the previous case. Therefore, 
H can be obtained from ;cH(K, q) by a sequence of (&l )-surgeries on genus one knots with 
Casson invariant 0 and (-1). Hence, XH(K, v]) can be obtained from H by the inverse se- 
quence which is also a sequence of (f 1 )-surgeries on genus one knots with Casson invariant 
0 and (-1). q 
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5. PROOF OF LEMMA 3.2 
To prove Lemma 3.2, we isotope Ki to a knot Ki in x~(Kz,-l) so that Ki satisfies: 
1. I’?, is disjoint from I?* in XH(KZ, -1). 
2. When Ki is viewed in H, lkH(I?l,Kz) = 0. 
3. A(K, cH) = 1. 
4. A(Kz c X,&I, 1)) = 1. 
These properties of Ki ensure that 
XH(w2,-ML1N = XHW) 
and that performing first the surgery on (pi, 1) and next on ((K2, -1) C XH(I?_I, 1)) yields 
the desired sequence. 
Now, let us describe our isotopy and prove that it satisfies the required properties. 
Let (x,y) be a symplectic basis of Ci and let (z,t) be a symplectic basis of C2 such 
that with respect to these bases: 
1 1 
~c,=~cz= o_l ( ) 
(see Lemma 4.12). View Ci as the union of a disc D, with two handles h, and h, and C2 
as the union of a disc 02 with two handles h, and h, as usual. Set H2 = XH(&, - 1) (see 
Fig. 7). 
Move Ci to a surface (21 ” Ci ) by an isotopy of H2 so that in HZ: 
l 2, intersects C2 only in the interior of C2 and exactly along the co-core of the handle 
h, of 2, as in Fig. 8. The core x of h, intersects C2 exactly at one point transversally and 
IkH,(x,ti2) = -1. 
l Ik,(v,z) = 0, &z(.v,t) = 1. 
Since 2, does not intersect &, it can be viewed in H and we have: 
SUBLEMMA 5.1. With respect to the basis (x, y) of Hl(el), 
v,, CH = 0 1 ( 1 O-l . 
Proof: Of course, 
ve,c~, = VC, CH2 = b,CH. 
Thus, since lkH2(yCgI,&)=0, Vc, cH(y,.)= Vg,cH2(y,.) and V- c,, c H(v Y) = v,, c f& r). 
Therefore, we are left with the computation of lkH(x+, x) for x c C 1: Let m, and m2 denote 
the meridians of x and K2 in (H \ (x U K2) = H2 \ (x U Z?2)), and let e2 be the preferred 
Fig. 7. Cl and Cz in Hz before the isotopy. 
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Fig. 8. $1 and C2 in Hz after the isotopy. 
parallel of K2 in H. The following equalities take place in Hi(H \ (X U Kz)). The oriented 
meridian ~2 of & satisfies 
~2 = m2 - e.2. 
Since ikH(K2,x) = -1, 
C2 = -m,. 
Since lkH,(x+,x) = 1 and lkH2(R2,x) = -1, 
xi - -_112 + m, = -m2 + tY2 + m, = -m2, 
Thus, ZkH(x+,x) = 0 and the sublemma is proved. 0 
Let Ki = 82,. By the sublemma, 
A(& cH) = 1. 
Let Hi = x~(Ki, 1). In (H \ xi), K2 bounds a genus 2 Seifert surface 22 obtained by 
tubing C2 as in Fig. 9. The neighbourhood of C2 f~ 21 in C2 is first isotoped towards DI. 
Next, C2 is tubed along a part of Ki which is parallel to y c 21. Denote by m the meridian 
of the tube which is also a meridian of Ki. 
Then (z, t,m, y) is a symplectic basis of Hi(&), and we have the following sublemma. 
SUBLEMMA 5.2. With respect to (z, t,m, y), the Seifert matrix of 22 in HI is 
‘2, CH, = 
ProojI The computation of the coefficients involving z, t or y is easy after the two 
following remarks: 
1. Since 
lkH(z,&) = /kH(t,&) = lkH(y,R,) 
= /k,q(z,Kz) = lkH(t,KI) = lkH(y,Kz) = 0 
the linking numbers involving z, t, y (or their parallels) are the same in H, in HI and 
in Hz. 
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Fig. 9. 22. 
2. Let rP1 denote the preferred parallel of Z?l on 21. Then m is homologous to --c!, inside 
the tubular neighbourhood of Z?I in HI. 
Thus, we are left with the computation of 
lk”, (m+, m) = IkH, (m +,-/I) = -1. 0 
.4 straightforward computation shows that A(K2 c HI) = 1 and ends the proof of 
Lemma 3.2. 0 
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